Guide to Cantor's Theorem



Hi everybody:




/Im This guide, I'd like to falk aboufa\

formal proot of Canfor's theorem, the
diagonalization argument we saw in our

N—

very first lecture,

~




If S is a set, then |S| < |p(S)]

—

N—

Here's The statement of Cantor's fheorem
that we saw in our first lecture, It
says That every sef is strictly smaller than

iTs power sef,

~



If S is a set, then |S| < |p(S)]

~ N

Our goal will be fo rigorously prove this
statement.

N— \//




If S is a set, then |S| < |p(S)]

—

N—

N

Before we can do fhaf, though, we need
fo address one big unresolved question,

~



If S is a set, then |S| < |p(S)]

In Monday's lecture, we falked about

what it means tor two sets fo have

equal cardinality and for fwo sets fo
nof have equal cardinality,

N— \//




If S is a set, then |S| < |p(S)]

—

N—

N

Specifically, we said that sl = |71 if

fhere is a bijection £ : § » T,

~



If S is a set, then |S| < |p(S)]

~ N

As a vesult, 1S = | Tl it there are no
bijections at from s to T.

N— \//




If S is a set, then |S| < |p(S)]

~ N

1t we want fo prove fhal fwo sets do have
fhe same cardinalify, we can do so by
finding a bijection between fhem,

N— \//




If S is a set, then |S| < |p(S)]

It we wanf fo prove that two sefs have
different cardinalities, we need fo show
That there's no possible bijection
befween Them,

N— \//




If S is a set, then |S| < |p(S)]

~ N

However, Take a look at the statement
of Cantor's theorem.

N— \//




S| < [9(S)]

1

N—

n this statement, we're saying th
1Sl is strictly smaller than 1p(9)],

what That means:

T

but we don't yet have a definition for




S| < [9(S)]

—

N—

In other words, we can'f even sfa
proving This statement yet, since we never
said whal it means for one set to be

strictly smaller than

A )

one another:

~



S| < [9(S)]

So, before we take a sfab at proving
Cantor's theorem, let's first go and
make sure we have a definition for how
fo vank sef cardinalities,

N— \//




4 you'll vemember, when first J(a\keol\

about equal cardinalities way back in our
first lecture, we said that two sefs have
the same cardinalify if we can pair off

the elements of the sets with no elements

N uwcoveved'\//




That's why These two sefs have The
same cardinality,




Once we had the language of bijections, >
we were able fo give a more formal
definition of what ‘*pairing things off*

) means, \//




~ N

Specifically, if we label these two
sefs § and T .

N— \//




f:8S->T

~ N

We can think of the pairing as a function
from s fo T.

N— \//




fla=)

f:8S->T

~

—

This function will be injective - any
fwo different inpufs produce different

N—

outputs,

~/



f:8S->T

~ N

It's also surjective, since any element
of the codomain (here, T) will be paired
with something in S,

N— \//




f:8S->T

~ TN
That's where we gel the bijection—based

definition of equal set cardinality
from.

N— \//




f:8S->T

~

Could we develop some sort of analogous
definition for what it means for one
set to be ‘al least as big” as another?

N—

—

~/



~ TN

Let's begin by picking two new sets..

N— \//




. say, These Two setfs here,

N— \//




~ TN

1t we try pairing off the elements of s
and the elements of T.

N— \//




~

—

.we can see that there's some way to
do it fthat uses up everything from s,

N—

~/



~ TN

There's actually a bunch of ways to do
this, Here's a different one..

— g




.and here's one more.




~ TN

This gives us a nice intuifion for what
it means for one setf fo have af least
as many elements as the other,

N— \//




 specifically, we'll say that T is af least
as big as S it there's a way fo pair fhe
elements that uses up everything in s,

Lver it it doesn't use UPW




Before moving on, lef's make sure that This
definition works in some other cases, If it
doesn't, fthen chances are if's not a very

N— good oleﬁmTiOV”\//




Z

-3

0 1 2 3

-2 -1 01 2 3

~

N—

—

For example, let's take a look at the

sets N and Z,

~



0 1 2 3

3 -2 -1 01 2 3

Can we pair off the nafurals and the
infegers so thal every nafural number
is paired off with some infeger?




Z

Yes:!
Heve s one very nafural




/Im lecture, we proved that IN| - IZI.\

That means that we could in principle pair
all the elements of both sets off, though
iT's a lof easier fo do that if we don't

N need to pair off all @V/g/




Z

. -3 -2 -1

]

3

So far, it seems like this is a pretty good

definition to work with:




— — =

|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

Z ... -3 -2 -1

Here's what we have so ftar. This definition
is expressed in terms of a pairing between
the Two sefts.




— — =

|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

~When we talked about equal cardinalities, N
we started with a definition like this one,

then revised it by falking about fhe pairing
in ferms of a cerfain fype of function

N— befween the TWQ//

Z ... -3 -2 -1




— — =

|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

Z ... -3 -2 -1

|:Cou\o| we do something like that here?




— — =

|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

‘ The answer |s</;|

Z ... -3 -2 -1




— — =

|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

Let's look at the pairing we have right
here.,

Z ... -3 -2 -1




|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

— —

Z ... -3 -2 -

‘ Let's imagine it as a funcfion from N fo
Z,




|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

— —

Z ... -3 -2 -

‘ What properties will this function have?




0 1 2 3
e | L]
Z ..-3-2-10 1 2 3

|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

Well, since it's pairing off elements of N
with elements of 7, we know fhat different
elements of N map fo different elements

) ot Z'\//




0 1 2 3
e | L]
Z ..-3-2-10 1 2 3

|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

~ N

That's fThe definition of an injective
function:

— S




|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

— —

Z ... -3 -2 -1

~ N

However, this parficular tunction is not
surjective, since it leaves a lot of elements
of Z uncovered.

N— \//




0 1 2 3
e | L]
Z ..-3-2-1 01 2 3

|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

~ N

That means that this function isn't
a bijection, but i1 is injective,

N— \//




|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

750 it seems like our idea of *a pairing 0T N\

elements thal uses everything from the
first set, but not necessarily the second
can be expressed as ‘an injective function

N from the first sef To@!”/

— —

Z ... -3 -2 -1




|S| = |T| if the elements of S and T can be paired up in a way that uses all the
elements of S, but (not necessarily) all the elements of T.

— —

Z ... -3 -2 -1

In tact, that's precisely how we're going
fo define the = velation over
cardinality,




Z ... -3 -2 -1

|S| = |T| if there is an injective function f: S - T

large as another,

Here's the official definition of what it
means for one set fo be at least as




|S| = |T| if there is an injective function f: S - T

You might be wondering.. why is this the
definition of ‘less than or equal to* for
sefs rather than ‘strictly less than?~




|S| = |T| if there is an injective function f: S - T

To see why This is, let's look at an example.




f:8S->T

|S| = |T| if there is an injective function f: S - T

Here's Two sefs we've seen trom before,
along with a bijection between fhem,




f:8S->T

|S| = |T| if there is an injective function f: S - T

Because f is a bijection from $ o T,
we know That S = |Tl.




f:8S->T

|S| = |T| if there is an injective function f: S - T

At the same time, this function f is also
an injection (remember, all bijections
are also injectiver)




f:8S->T

|S| = |T| if there is an injective function f: S - T

So, according To our definition, this means
That 18I = |Tl, That's okay, Though - it
matches our infuition,




f:8S->T

|S| = |T| if there is an injective function f: S - T

That's why we use this as a definition of
< over cardinalifies - it's To be consistent
with our definition of = over cardinalities.,




If S is a set, then |S| < |p(S)]

~ N

So lef's jump back to the sfatement of
Cantor's theorem,

N— \//




S| < [9(S)]

—

N—

Earlier, we said that we couldn't proceed
fo prove fThis statement because we didn*t

have a formal definition for this
statement,

~



S| < [9(S)]

—

N—

We just found a way to define the =
relation over set cardinalities, but we
still haven't said what the < relafion over

— N

cardinalities is:

~



S| < [9(S)]

~ N

In other words, we still can't prove this
because we sfill don't have a definition:

N— \//




S| < [9(S)]

~ N

So why did we go down what seems like
it was probably a totally random detour?

N— \//




S| < [9(S)]

~ N

The veason is that we now have tormal
definitions for 1Sl = [T and 18 = [T,

N— \//




S| < [9(S)]

~ N

Can we use those definifions fo provide
a nice definition of what 1S < |TI means?

N— \//




—

N—

N

Lef's Take a look at these two sets

S and T.

~



N—

N

First, nofice that |SI = |TI, since we can

find an injection from s to T.

~



~ N

We can also see that S| = |TI, since
no matter how hard we try, we'll never
find a bijection between the two sefs.

N— \//




qi.zii

—

N—

N

So we've seen That S| = | Tl and
That S| = |T].

~



~ N

~and infuitively it seems like the set s
is strictly smaller than the set T,

N— \//




—

N—

N

Perhaps that observation would make for
a good definition of less=than over

cardinalities:

~



S| < |T|] it |S| = |T| and |S| # |T]

~ N

In tact, here's how we're going to
define the less—than relation over

sef cardinalities,

N— \//




S| < |T|] it |S| = |T| and |S| # |T]

qis seems, infuitively, like it's a pveT}

nice definifion, 1T makes sense given our
understanding of what = and - are
supposed fo mean and how they relate

_ “ <'\//




S| < |T]

if

S| = |T| and |S]| # |T]|

o

N—

~

ut remember that the = and = relations
over cardinalifies are defined in ferms
of functions between sets, Lef's see
what this definition says when we expand

this out a bif,

\//



S| < |T| if |S|=|T|and |S| = |T]

There is an injective
functionf: S->T

This part of the definition says that
fhere should be an injective function
from s fo T.




S| < |T| if |S|=|T|and |S| = |T]

There is an injective
functionf: S->T

No function f: S - T
is a bijection.

~and this part says thal there arenrt
any bijective functions from s to T,




S| < |T| if |S|=|T|and |S| = |T]

There is an injective
functionf: S->T

No function f: S - T
is a bijection.

So, it we want to prove fhal one sef is
strictly smaller than one another, we
should proceed in Two parts,




S| < |T| if |S|=|T|and |S| = |T]

There is an injective
function f: S - T

No function f: S - T
is a bijection.

First, we should find an injective
function from the smaller set o the
larger ove,




S| < |T| if |S|=|T|and |S| = |T)|

There is an injective
functionf: S->T

No function f: S - T
is a bijection.

Second, we should prove that fhere are
no bijections from the smaller set to
the larger one,




S| < |T| if |S|=|T|and |S| = |T]

There is an injective
functionf: S->T

No function f: S - T
is a bijection.

1f we can prove both of these sfatements,
Then we've shown everything thal we've
needed to show:




If S is a set, then |S| < |p(S)]

~ N

So let's now take a deeper look at
Cantor's Theorem,

N— \//




S| < [9(S)]

—

N—

N

We now have a tormal definition for

This statement:

~



There is an injection f: S = 0(S)

There is no bijection f: S - (S)

S| < |p(S)]

N—

S fo p(S) and 1o prove that

™~

We now know whal we need to prove:
We need fo find an injection from

fhere's no bijection from S fo p(S).



There is an injection f: S — 0(S)

S| < |p(S)]

Letrs start with this parf. Turns out,
iT's not too bad:!




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

— ™~

We now have This task set up before us.
How exactly might we go about doing
This?

N— \//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

— ™~

wWell, when confrontfed with a new
problem to solve, it never hurts fo
draw some pictures and fry to figure out

what it is that we need to do.
N—




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

‘ First, let's vefresh some terminology.




#(S)

I: What exactly |si/;|




P(S)

| The power set of S. I

‘ This is the power set of S,




P(S)

The power set of S.
The set of all subsets of S.

I: That's the set of a\\iﬁso;il




an injection
from S to o(S)

The power set of S.
The set of all subsets of S.

5o if our qoal is to find an injection From

S fo p(S), we're looking for an injection
from fhe set s to the set of all

N subsels O{S.\//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

~ TN

Letrs starT with a nice set S, say,
the set 11, 2, 3,

N— \//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

we'll draw S over here.,
\ \//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

~ TN

Now, let's think about what the
power set of S looks like,

N— \//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

~ TN

It you've not sure what elements are in
That set, take a minute To work it out

on Your own,

N— \//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

~ TN

So you're good on what the power set
contains? Awesome!

N— \//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

g
{1}
1 {2}
{3}
S 2 (1, 23 $(S)
3 {1, 3}
{2, 3}
11, 2, 3} )
~ N

Here's what that looks like.

N— \//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

g
{1}

1 {2}
{3}

S 2 (1, 23 $(S)
3 {1, 3}
{2, 3}
11, 2, 3} )

~ TN

Now, we need to find an injection here
from S to p(9),

N— \//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

g
{1}

1 {2}
{3}

S 2 (1, 2) $(S)
3 {1, 3}
{2, 3}
11, 2, 3} )

Remember our intuition from before — we
wanf fo pair off the elements of $ with
fhe elements of p(S) so that we use up

N all the e\emevﬁ(//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

g
{1}

1 {2}
{3}

S 2 (1, 23 §(S)
3 {1, 3}
{2, 3}
11, 2, 3} )

~ TN
It's okay if some elements of p(S) are

lett over - atter all, we're ulfimately
Trying to prove That [SI < [p(8)I!

N— \//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

g
{1}

1 {2}
{3}

S 2 (1, 23 §(S)
3 {1, 3}
{2, 3}
11, 2, 3} )

~ TN

There are a lof of ways we could do
This,

N— \//




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

> g )
_» {1}
/7{2}

/ {3}
) 2 / {1, 2} SO(S)
3 {1, 3}

{2, 3}
11, 2, 3} )

‘ Here's one possible injection,




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

g
{1}
1 > {2}
{3}
S 2 (1, 2) $(S)
{2, 3}
11, 2, 3} )

‘ Here's another:




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

{1}
1 = {2}

3

S _—» {3}

2 Loy | 90S)
3 11, 3}

~{2, 3}
11, 2, 3} )

‘ And here's omemo</;|




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

{1}
1 = {2}

3

S _—» {3}

2 1.2y | £
3 {1,3}

~{2, 3}
11, 2, 3} )

Now, ultimately, we're wnot fruing to show
that for this particular choice of S fhat
an injection like this exists,




If S is a set

{1}
1 = {2}
; _—» {3}

{1, 2}
{1, 3}
~{2, 3}

11, 2, 3} )

©(S)

Rather, we'vre trying 1o show that no
matfer what set $ we pick, we can always

find an injection from S fo p(9),




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

{1}
1 = {2}

3

S _—» {3}

2 Loy | 90S)
3 11, 3}

~{2, 3}
11, 2, 3} )

That means that we should try fo look for
some kind of pattern we can use that will

always let us find an injection thaf works,




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

{1}
1 = (2}
_—» {3}

S 2 (1, 23 #(S)
3 {1, 3}

~{2, 3}
11, 2, 3} )

One observafion that's useful for doing
that here is that for every element of s.




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

SCER
{1}
1 = {2}
3
S ; _—» {3} o(S)
3
\‘
\_ Y,

There's a singlefon set containing just that
element over in p(9).




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

4 N
—> {1}
1 —> {2}
3
3
g J

So perhaps we might want fo look at
This particular injection,




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

4 N
—> {1}
1 — {2}
3
3
g J

This is a nice injection because There's
a clean vule associating elements of s

f: S - SG(S) with elements of p(9).
f(x) = {x}




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

4 N
—> {1}
1 — {2}
3
3
g J

With a little thought, we can see fhat
no mafter what set we choose tor S,

f: S - SO(S) this function will always be well—defined.,

fx) = {x}




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

4 )
—> {1}
1 —» {2}
3
3
. y,

5o if we want to prove the above \emm
perhaps we should fry showing that fhis

f: S 5 gO(S) particular function always works as an

— injection from s to p(S).
f) = {x} ~/




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

Proof: Let S be any set and consider the function
f:S - o(S) defined as f(x) = {x}. To see that this
is a valid function from S to ((S), note that for any
X € S, we have {x} C S. Therefore, {x} € (S) for
any x € S, so fis a legal function from S to @(S).

Let's now prove that fis injective. Consider any

X1, X2 € S where f(x1) = f(x2). We'll prove that x1 = xz.
Because f(x1) = f(xz2), we have {x1} = {xz2}. Since two
sets are equal if and only if their elements are the
same, this means that x1 = x2, as required. H

Here's one possible proof of This result,
1t follows the general patfern tor proving

that a function is injective, just using
— this particular choice of f,




Lemma 1:1f S is a set, then there's an injection
from S to o(S).

Proof: Let S be any set and consider the function
f:S - o(S) defined as f(x) = {x}. To see that this
is a valid function from S to ((S), note that for any
X € S, we have {x} C S. Therefore, {x} € (S) for
any x € S, so fis a legal function from S to @(S).

Let's now prove that fis injective. Consider any

X1, X2 € S where f(x1) = f(x2). We'll prove that x1 = xz.
Because f(x1) = f(xz2), we have {x1} = {xz2}. Since two
sets are equal if and only if their elements are the
same, this means that x1 = x2, as required. H

1 vecommend taking a few minufes to
read over This proof to make sure you

understand how it works - if's a great
\ exercise!




So, how did we get here, and where are
we going?




If S is a set, then |S| < |p(S)]

This is the ultimate statement we've
Truing To prove,




There is an injection f: S = 0(S)
There is no bijection f: S - (S)

S| < |p(S)]

As we saw earlier, This means that we
need fo prove these Two statements,




There is an injection f: S - ©(S) v
There is no bijection f: S - (S)

S| < |p(S)]

Ee just finished that first sfep - greaf:




There is no bijection f: S - (S)

S| < |p(S)]

Now, we need to prove fhis parf. and
That's where we're going to use a
diagonal argument,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

This is The statement that we now need
fo prove,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

The proot that we're going 1o do here
is, essentially, a more rigorous version of
the one we did on the first day of class.




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Lef's start oft by, briefly, reviewing
how that proof works,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Let's imagine that we have a set S
5 and that its elements are xo0, x1, x2, efc,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

XO
Xl
X2
X3
4%»’31\\%f speaking, not all sefs are q@
X4 fo look like This, Some might not have

infinitely many elements, Others, like R,
X have foo many elements fo assign a number

o each one!
\ \//




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

0
Xl
X2
X3
X4 /Bu’( that's okay for now, This is jusT\
a visual infuition, and we'll address that
X when we fry to make everything super
: formal and airfight,

N—




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

0
Xl
X2
X3
y — TN
4 The result we're going fo prove involves
showing that no choice of a function £
X5 from S to p(S) is a bijection,

N— \//



Lemma 2: If f: S - %(S) is a function, then it is not bijective.

0
Xl
X2
X3
N — ™~
4 Just 1o explore things a bit, let's
choose some random function f and
X5 see if we nofice anything about it,

N— \//



Lemma 2: If f: S - %(S) is a function, then it is not bijective.

X, —> 1 Xy Xy Xy oen }
X, —>{ Xy X3 X, «on }
X, —{ X, ... }

X, —>{ X\, X3 X, oon }
X, — {1 X, X, .. }

X, —{ Xy Xy, Xy Xgp Xp Xy v }

Here's one example function f, There's
no particular patfern here in the
function we picked - it's just a random
function fo help us build an infuition,




If f: S - (S) is a function, then it is not bijective.

— { Xo' X2, X4, }
— { Xo' X3, X4, }
—> { X4, }

— { Xl, X3, X4, }
—> { XO, X5, }

— { X, X\, X, X5 X0 Xg, o0 }

—

Our ulfimate goal is o prove that this
function is not bijective,

N—




If f: S - (S) is a function, then it is not bijective.

— { X, X,, X

b}
b}

21

— { X, X, X

31

—»{X4,...}
— { X, X,, X

.

— { Xor Xgr oo }

31

— { X, X\, X, X5 X0 Xg, o0 }

—

That's going fo be a challenge, since
we can'T assume fhal fhis function follows
any nice pattern,

N—




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

X, —> 1 Xy Xy Xy oen }
X, —>{ Xy X3 X, «on }
X, —{ X, ... }

X, —>{ X\, X3 X, oon }
X, — {1 X, X, .. }

X, —{ Xy Xy, Xy Xgp Xp Xy v }

Our approach will be o show that fhis
function is not surjective., If we can do
That, then we can say with certainty that

f is not bijective,
N—




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

X, —> 1 Xy Xy Xy oen }
X, —>{ Xy X3 X, «on }
X, —{ X, ... }

X, —>{ X\, X3 X, oon }
X, —» { Xor Xgr oo }

X, —{ Xy Xy, Xy Xgp Xp Xy v }

—

To do so, we're going to have to find
a way 1o show that there's some subset
of S fhat isn't covered by our function,

N—




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

X, —> 1 Xy Xy Xy oen }
X, —>{ Xy X3 X, «on }
X, —{ X, ... }

X, —>{ X\, X3 X, oon }
X, —» { Xor Xgr oo }

X, —{ Xy Xy, Xy Xgp Xp Xy v }

—

Visually, that means that we need fo
find a set that's wnot paired with
angthing in the leff—hand column,

N—




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

X, —> 1 Xy Xy Xy oen }
X, —>{ Xy X3 X, «on }
X, —{ X, ... }

X, —>{ X\, X3 X, oon }
X, — {1 X, X, .. }

X, —{ Xy Xy, Xy Xgp Xp Xy v }

—

To do so, we're going to use a trick
invented by Georg Cantor, which will
require us To redraw This picture a bit,

N—




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, —> 1 Xy Xy Xy oen }
X, —>{ Xy X3 X, «on }
X, —{ X, ... }

X, —>{ X\, X3 X, oon }
X, — {1 X, X, .. }

X, —{ Xy Xy, Xy Xgp Xp Xy v }

—

We've going to start off by wrifing the
elements ot S across the top, like
This,

N—




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, oo }
X, — { X, ee }
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

—

We can then imagine spacing out The
elements that are in each of fhese sefs
so Thal we starT to have something
that looks more like a grid.




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, oo }
X, — { X, oo }
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

Canfor's insight — which is the real
frick behind the proof - is the following.




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, —»{ xO X, X,, }
V- {% . X, X, )
s ; X,, .}
X, —{ X, \‘\X3:\X4: }
Xy — 1 X, Xﬁ' I
Xy — 1 Xor Xps X Xg Xs;}\\ 5'~::' h

The frick, as you saw in lecture one, is
to look at this main diagonal and use it
to build a set thaf's not mapped fo,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, —»{ XO X, X, e }
X, —> {‘3(s . \\\ Xq Xy oo }
N X,, )
X, — { X,, x3x4 oo }
X, — { x,, \‘\\ \~Xﬁ,~ oo }
X, —{ X, X X, X, x4x5 3

This is a Two—step process,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, —»{ XO X, X, e }
X, —> {‘3(s . \\\ Xq Xy oo }
g X,, )
X, — { X,, sXS:“*)QQ: oo }
X, — { x,, \‘\\ \~Xﬁ,~ oo }
X, —{ X, X X, X, x4 5 .}

{ x, X, X . f

First, we're going To form a sef
of all fhe elements on the diagonal.,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, —»{ XO X, X, e }
X, —> {‘3(s . \\\ Xq Xy oo }
g X,, )
X, — { X,, s><3:“*)<4~, oo }
X, — { x,, \‘\\ \~Xﬁ,~ oo }
X, —{ X, X X, X, x4 5 3

{ x, X, X. . f

This color—coding hopetully makes it a bit
easier To see where everything comes from.,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

—-~~

X, —»::{ XO‘,‘\\ X, X, .. }
X, —> {‘3(s . \\\ Xq Xy oo }
VR X,, )
X, — { X,, x3x4 oo }
X, — { x,, \‘\\ \~Xﬁ,~ oo }
X, —{ X, X X, X, x4x5 .}

{ x, X, X . f

I:Nex’(, we're going to *flip” this se’f.?




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Xo | Xqg | Xy X5 X, Xg

X, —»{ xO X, X,, }
X, —> {‘3(s . ‘\\\ Xy, Xy, }
. X,, )
X, —{ X, \\\XS:\‘X{; }
Xy — 1 X, Xﬁ' I
X, — { Xy Xy Xy Xy, x4 5 }

We're going to remove everything that
used fo be in this sef..




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, —»{ XO X, X, .. }
X, — {‘56‘ \\\ X5 Xy, oo }
N X,, )
X3 —b{ X, ~“‘s s>(3:\‘X4: }
X, — { X, \‘\\ \Xﬁ, oo }
. N

X, —{ X, X X, X, x4 5 3

{  x, x, X, ..}

Then, we're going To add everything
that was missing from the original sef,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, —»{ XO X, X, .. }
X, — {‘56‘ \\\ X5 Xy, oo }
N X,, )
X, — { X,, \\ sXSI\‘X‘{, ee }
X, — { X, \‘\\ \Xﬁ’ oo }
X, —{ X, X X, X, x4 5 3

{  x, x, X, ..}

This new sef — which is called the
diagonal set - is specifically built fo be
different from every row above,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, oo }
X, — { X, oo }
X, — { X, Xy Xy, oo }
X, —> { X, X, .. }
X —{ Xy X, X, X5 X, X5, .0}

‘ Let's see why this is, T




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, oo }
X, — { x,, Xy Xy, .. }
X, — { X, oo }
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

{  x, x, X, ..}

For example, we can ask whether fhis
set is equal To the sef mafched with xo.




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

-

Xo — {Xo'j Xy Xy }
X, — { x,, Xy Xy, oo }
X2 —»{ X4, }
X, — { X, Xy Xy, ee }
X4 —> { XO’ X5l soe }
X —{ Xy X, X, X5 X, X5, .0}
i'—"
{:\ /:X]_l le X4l oo }

Bul we can see thal's nol the case, The
set paired with xo confains xo, buf our
diagonal set doesn't contain xo.




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, .. }
X, — { X, oo }
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

{  x, x, X, ..}

‘ So maybe This set is paired with x? T




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X, X,, oo }
X, —{ xO,:\ ) Xy Xy, oo }
X2 —»{ X4, }
X, — { X, Xy Xy, ee }
X4 —> { XO’ X5l soe }
X —{ Xy X, X, X5 X, X5, .0}
i'—"
{ :\le': X, X,, e }

Well, that can't be the case, since The
set paired with x1 doesn't contain xi, but
the diagonal set does contain .




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X, X,, oo }
X, — { x,, Xy Xy, oo }
X, — { :\ /; X, oo }
X, — { X, Xy Xy, ee }
X4 —> { XO’ X5l soe }
X —{ Xy X, X, X5 X, X5, .0}
:'—"
Uoxix, X, oo

I: More generally.. T




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X, X,, oo }
X, — { x,, Xy Xy, oo }
X2 —»{ X4, }
X, — { X, :\xB,/; X,, oo }
X4 —> { XO’ X5l soe }
X —{ Xy X, X, X5 X, X5, .0}
:'—"
Uox X X, oo

‘ . as we move down the diagonal . T




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X, X,, oo }
X, — { x,, Xy Xy, oo }
X2 —»{ X4, }
X, — { X, Xy Xy, ee }
X, — { X, :\ /,' Xs, .o )
X —{ Xy X, X, X5 X, X5, .0}
:'—"
{ X, X, :\x4,/,- e }

. we always see that there's a mismatch
between the set in that row .




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — 1 X, X,, X,, }
X, —1{ X, Xy X, }
X2 —»{ X4, }
X, — { X, Xy Xy, .}
X, — { X, X, }
X: —{ X, X, X, X5 X, :\ R }
:'—"
{1 X, X, Xp b e}

|: . and the diagonal set we built, T




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, .. }
X, — { X, oo }
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

{  x, x, X, ..}

As a result, we know that this new
set isn't paired with anything.




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, oo }
X, — { X, oo }
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

r» { X, X, X,, e }
Set D Eovma\\tg speaking, if we call our set DT




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, oo }
X, — { X, oo } f:5 - o(S)
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

r» { X, X, X,, e }
Set D I: .. and this particular function is f. T




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, oo }
X, — { X, ee } f:8 - o(S)
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

r» { X, X, X,, e }
Set D Then we see that f(x) = D for any
x € S, meaning that £ isn't surjective:




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, oo }
X, — { X, oo } f:5 - o(S)
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

r» { X, X, X,, e }
The beauly behind This construction is
Set D |:T\na’( it doesn't matfer what choice of?
f we make,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, oo }
X, — { X, ee } f:8 - o(S)
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

r» { X, X, X,, e }
1T we fake The diagonal and Tlip M,
Set D I: we 'l always find a set that nothing T
maps To.




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, oo }
X, — { X, ee } f:8 - o(S)
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

r» { X, X, X, oo }
Set D Our challenge now is To convert this
picture info a rigorous proof.




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, oo }
X, — { X, oo } f:5 - o(S)
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

r» { X, X, X,, e }
To do That, we're going To need fo
Set D |: find a way to rigorously define the T
set D,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, .. }
X, — { x,, Xy Xy, oo }
X, — { X, oo } f:5 - o(S)
X, — { X, Xy Xy, ee }
X, —> { X, Xo, e }
X —{ Xy X, X, X5 X, X5, .0}

r» { X, X, X,, e }
Once we've done thal, we can write a
Set D I: formal proot that f(x) = D for T
ang x € S,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

K» { X, X, X,, oo }
D
Set I: So.. whal is this sef D? T




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

K» { X, X, X,, e }
Set D Since sels are uniguely defined by The
elements they contain, a reasonable first
sfep is To see whal's in D,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

Set D Although in This discussion I'm going To
use the example f given here, this will
work tor any choice of f,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

K» { L Xyl X, X,, o )
Set D
Lef's look at x1, for example,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, —> { xo,- X, X, ..}
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

¢ <

K, { :\xl,',- X, X,, oo }
Set D We included x1 in this sef because xi isnrt
on the main diagonal of this grid,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }

X, —> { xo,- X, X, ..}

X, — { X,, oo }

X, — { X, Xy X, oo }

X, —> { X, Xo, e }

X —{ Xy X5, X, X3 X, X5, ...}
/—"

K» { :\xl,'; X, X,, e }
Set D How can we describe This more rigorously,
without appealing to this picture?




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }

X, —> { xo,- X, X, ..}

X, — { X,, oo }

X, — { X, Xy X, .. }

X, —> { X, Xo, e }

X —{ Xy X5, X, X3 X, X5, ...}
—

K» { :\le"' X, X,, e }
D
Set I: well, let's take a look at that. T




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, —> { xo,- X, X, ..}
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

¢ <
4 1
1

K» { L Xyl X, X,, o )
Set D First, notice that we've highlighted this
particular set., What set is this?




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

f(xa)
X, — { X, X,), X,, .. } J
X, —> { xo, X, X, ..}
X, — { X,, oo }
X, — { X, Xy X, oo }
X, — { X, Xs, oo )
X —{ Xy X5, X, X3 X, X5, ...}

' <
4 1
1

K» { :\xl,', X, X,, oo }
Set D Mathematically, this highlighted row is
f(x1), the sef paired with xi,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

f(xa)
X, — { X, X,), X,, .. } J
X, —> { xo, X, X, ..}
X, — { X,, oo }
X, — { X, Xy X, oo }
X, — { X, Xs, oo )
X —{ Xy X5, X, X3 X, X5, ...}

' <

K» { L Xyl X, X,, o )
Set D The fact that xa isn't on the diagonal
means that xa isn'T in This set,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Xo | Xqp Xy Xg Xy X5
f(x1)
X() —> { Xol le X4l } J
X, — { xo;\ -< XX, }
X, — { X, oo }
X, — { X, Xy X, .}
X, — 1 X, Xso -} xa ¢ f(xa)
X5 —> { XO’ X11 le X31 X4l X5l }
/—"
”r} { :‘ Xll'nl le X4l . }

Set D |
Formally speaking, we say that xa & f(x1).




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

f(x1)
Xg — 1 X X2 X4’ J
X, —{ xo;\ b XX,

X, —»

e }
e }
e }
e }
e }
.}

X3 { Xll XSI
X, — 1 X, Xs, x1 ¢ f(x1)
X, —{ X, X, X, X5 X, X,

' <
4 1
1

K» { L Xyl X, X,, o )
Set D |:So, because x1 & f(x1), we imc\uded?
X1 |V] Do




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

¢ “
1
1

K} { Xl’:\‘XZ’,' X4l e }
Set D Similarly, letrs take a look at why
x2 is In our sef,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }

X, — { X, Xy X, oo }

X, —{ ::; :,"' Xy oo )

X, — { X, Xy X, .. }

X, —> { X, Xo, e }

X —{ Xy X5, X, X3 X, X5, ...}
—

2 3
\
1

K» { xl,:\xz,', X,, oo }
Set D We included iT because it's missing off
the diagonal,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

f(x2)
X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { ::; :,"' Xy e b
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

K» { xl,:\xzy X,, oo }
Set D
|: This highlighted set is f(x2).. T




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

XO Xl X2 X3 X4 X5
f(x2)

X, — { X, X, X,, }

X, — { X, Xy X, }

X2 — { :\\ /"‘ ﬂ‘ql }

X, —{ X, Xy X, .}

X, — 1 X, Xso -} x2 ¢ f(x2)
Xe —{ Xy Xy Xy X5 X, X, }

:'—"
”r} { X]_l:‘ le':' X4l . }
Set D

|: . and notice that x2 & f(x2). T




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

XO Xl X2 X3 X4 X5
f(x2)

X, — { X, X, X,, }

X, — { X, Xy X, }

X, —{ :‘\ P . }

X, —{ X, Xy X, .}

X, — 1 X, Xso -} x2 ¢ f(x2)
Xe —{ Xy Xy Xy X5 X, X, }

:'—"
”r} { X]_l:‘ le':' X4l . }
Set D

E@ included x2 in D because x2 & f(m?




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

XO Xl X2 X3 X4 X5

f(xa)

Xg —> 1 Xy Xy X, . }

X, —> 1 X, X3 X, . }

X, —1 X, e }

X, — 1 X, X, X, )

X, — { X, :":‘-\"’.0%, _ J\

X, — { Xy Xy Xy Xy Xy Xop e }X4 ¢ Foco

—

oo { X X "X ‘| }
1’ 27 “ 4;', ceoe
‘i—-'
Set D This same reason explains why we have
xa here — we include it because
Xa e 7[’(X4)o




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

K» { X, X, X,, oo }
Set D So it seems like we have a general patfern
going here,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

K» { X, X, X,, e }
Set D Specifically, if we find an x where
x & f(x), then it ends up in D,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, —{ X, Xy X, .}

K» { X, X, X,, e }
Set D Specifically, if we find an x where
x & f(x), then it ends up in D,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

K» { X, X, X,, e }
Set D So what about the elements that aren't in
our set D?




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

K» {:\ ,':Xl' X, X,, e }
Set D
Let's start with xo, Why isn*t it in D?




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

TNy

Xo — {.’::XO,:; Xy Xy }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

K» {.\ Xy, Xy, X,, e }
Set D Well, iT's not in D because xo does
appear on the diagonal,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Xo | Xqg | Xy X5 X, Xg

Ny

X0 ’ {Xo:} Xos Xy } ‘\
X, — { X, X5, Xy, }

f(xo0)
X, — { X, oo }
X, —{ X, Xy X, .}
X, — { X, X, }
X5 — { XOI X]_l le X31 X4l X5l }

K» {:\ ,':Xl' X, X,, e }
Set D | | |
This parficular row is f(xo)..




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

Ny

Xo — {':‘XO,/; Xy Xy } 4\
X1 — { X X, Xy, }

f(xo0)
X, —{ X, oo }
X, — { X, Xy X, oo }
X4 ' { Xor Xgr oo } Xo € f(xo0)
X —{ Xy X5, X, X3 X, X5, ...}

K» {:\ ,':Xl' X, X,, oo }
Set D . and what we're seeing is fhat
Xo € TF(XO)a




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, X5 X, e f F(x3)
X, —{ X,, e }
X, —> { X, :::;3;‘; X,, oo }

X, — { X,, — X &

Xs —> 1 Xy X s b xa € flxa)

K»{ Xy Xyt Xy, e f
Set D Similar veasoning explains why we didn't
include xs in our set.




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,, X,, }

X, —1{ X, Xy Xy, } F(xs)
X, — { X, }X5 € f(xs)

X, — { X, Xy X, .}

X, — { X, X }

X: —{ X, X, X, X5 X, 5 oo }

.-r} { X].’ X2, X4, :\ ': ceo }
Set D |: - 37
. as well as why xs is missing.,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

K} { X, X, X, e }
Set D E} iT seems like we have another qemev?
rule..




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy X, oo }
X, — { X,, oo }
X, — { X, Xy X, oo }
X, —> { X, Xo, e }
X —{ Xy X5, X, X3 X, X5, ...}

K» { X, X, X,, oo }
Set D .The set D excludes every x where
x € f(x).




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }
X, — { X, Xy Xy, oo }
X, — { X, oo }
X, — { X, Xy Xy, oo }
X, —> { X, X, .. }
X —{ Xy X5, X, X3 X, X5, ...}

P L i
To recap..




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }

X, — { X, Xy Xy, oo }

X, — { X,, oo }

X; — 1 X, X3 Xy [Tf x ¢ f(x), then x € D.
X, — { Xy X&#
X —{ Xy X5, X, X3 X, X5, ...}

Set D 1f we choose any x and see that
x & f(x), Then x € D,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }

X, — { X, Xy Xy, oo }

X, — { X,, oo }

X; — 1 X, X3 Xy [Tf x ¢ f(x), then x € D. I
X, —» { X,, x| If x € f(x), then x € D.
X —{ Xy X5, X, X3 X, X5, ...}

Set D Similarly, if we choose any x and find
that x € f(x), then x & D,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

X, — { X, X,), X,, .. }

X, — { X, Xy Xy, oo }

X, — { X,, oo }

X; — 1 X, X3 Xy [Tf x ¢ f(x), then x € D. I
X, —» { X,, x| If x € f(x), then x € D.
X —{ Xy X5, X, X3 X, X5, ...}

Set D Collectively, this lefs us define our set
D purely mathematically.




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

XO Xl Xz X3 X4 X5

Xg —> 1 Xy Xy X, . }
X, —> 1 X, X3 X, . }
X, —1 X, e }
Nt Yot Xa If x 65 f(x), then x € D.
X, —> { X,, X, If x € f(x), then x € D.
X, —>{ Xy Xp Xp Xy Xp XD AXESIXEJN) )

Set D Specifically:
D=1 x €S| x & f(x)}




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

Xg —> 1 Xy Xy X, . }
X, —> 1 X, X3 X, . }
X, —1 X, e }
Nt Yot Xa If x 65 f(x), then x € D.
X, —> { X,, X, If x € f(x), then x € D.
X, —>{ Xy Xp Xp Xy Xp XD AXESIXEJN) )

Set D Take a minute To see why This is — if's
a consequence of the fwo above rules,




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

If x € f(x), then x € D.
If x € f(x), then x € D.

D={x €S |x¢f(x)}

Phewr That was a long sefup.




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

If x € f(x), then x € D.
If x € f(x), then x € D.

D={x €S |x¢f(x)}

— ™~

The whole point of fhaf visual exercise
was to figure out a mathematical way
of describing that diagonal sef,

_ Sy




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

If x € f(x), then x € D.
If x € f(x), then x € D.

D={x €S |x¢f(x)}

AT this point, we actually don't meeol?

draw any more pictures, Everything we
need is summarized by fhe above
symbolic notation,

N—




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

If x € f(x), then x € D.
If x € f(x), then x € D.

D={x €S |x¢f(x)}

— ™~

In tact, just knowing fhis parficular choice
ot D allows us to write a formal proof
That 1S # |1p(S)]!

_ G




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

If x € f(x), then x € D.
If x € f(x), then x € D.

D={x €S |x¢f(x)}

Let's see what it looks like,




Lemma 2: 1If S is a set, then |S| # |p(S)|.

~

Okay! 3.

2. 1. let's jam:

&




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to (S).

—
This proot starfs off, as many proofs

do, by just saying what we'vre going to be
doing.

- S




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to (S).

~ N
This is mostly a vecap of our previous
strateqgy,

- <




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

/This is where we lay out the speoiﬁc\

strategy we're going 1o use, There's a
lot of wauys fo prove that there aren't
any bijections, and we're going 1o do it
by (as you saw) showing Thal no function

\ﬂom S to p(S) can be a bijection,




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

This is where we lay out the key idea
behind the proof - we can starf with
this arbitrary function ¥ and produce a
set D that ¥ doesn't map anything fo.




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

—

We worked really hard to come up with
This set D, and now we get fo see
just how cool a set if is,

N—




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)
We will show that there is no y € S such that f(y) = D.

/U\Tima’fe\%, we're going o show that £

isn'T surjective, Here, we're saying how:
we're going To show That nothing maps

fo D,
N—




D={xeS|x¢&flx)}
y € S such that f(y) = D

(I chose The name y here because the
name x was Taken earlier, and I didn't
want fo confuse the two, You'll
see why in a second,)

N—




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D.

~ TN
And now Things really get volling, Let's

suppose that you could find a choice of ¢
such that f(y) - D,

N—




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set

D={xeS|x¢&flx)}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D.

~ B

ur intuition behind building the se
was to get a contradiction between whether
y € 1(y) and whether ¢ € D, Specifically,
it y & f(y), then y € D, and
it y € f(y), then ¢y & D,
This is just the mathematical way of ftalking

\abouT what happens on the diagonal,




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D.

~ N
The vest of this proof is a way of

formalizing, mathematically, what goes
wrong.

N—




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)

~ TN

We'vre going To begin with this observation,
Lef's see where this comes trom,

N—




yeDiffy ¢ fly). (2)

—

—

Whaf would have fo happen for
y € D 1o be frue?

&



D={x€S[x¢&f(x)}

yeDiffy ¢ fly). (2)

~ TN

well, according fo the definifion of D.

z <




D={x€S[x¢&f(x)}

yeDiff y ¢ fly). (2)

~

.. That would mean that ¢ isn't an element

N—

—

ot the sef it belongs fo.

&



D={xeS|x¢&flx}

yeDiff y ¢ fly). (2)

—

We can put an ‘iff* between these two
stafements because D contains precisely

N—

—

The elements x where x & f(x).

&



Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)

~ TN

Right now, nothing special seems fo
happen, Here's where things get
interesting.,

N—




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)
By assumption, f(y) = D. Combined with (2), this tells us
y €Diffy ¢ D. (3)

" We specifically assumed that £(y) = D,

That means we can rewrite statement (2)
as shown here, If you're wondering

i why we can do this..




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)
By assumption, f(y) = D. Combined with (2), this tells us
y €Diffy ¢ D. (3)
~ TN

. notice That we're just subsTituting
D for f(y) in the righf—hand side of

This statement,
—




y€Diffy ¢ D. (3)

~

B

—

And heyr Does this statement look, you

know, kinda fishy?




yveDiffy ¢ D. (3)

~ TN
It should: This says that a statement

is true it and only if it's false.
but that's impossible:

B




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)
By assumption, f(y) = D. Combined with (2), this tells us
y €Diffy ¢ D. (3)

This is impossible.

Hey: That's what I just said.
Now we jusT need fo bring it home,




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)
By assumption, f(y) = D. Combined with (2), this tells us
y €Diffy ¢ D. (3)

This is impossible. We have reached a contradiction, so our assumption must
have been wrong.

This contradiction means, as most do,
that our initial assumption was wrong.




Suppose that there is some y € S such that f(y) = D.

Scanning back in The proot, we can see
That This is what we were assuming - That
There was something thal mapped 1o D,




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)
By assumption, f(y) = D. Combined with (2), this tells us
y €Diffy ¢ D. (3)

This is impossible. We have reached a contradiction, so our assumption must
have been wrong. Therefore, there is no y € S such that f(y) = D, so fis not
surjective.

So 1 guess thal means that's not possible,
and thal in turn means that £ is not
sur jecTive!




Lemma 2: 1If S is a set, then |S| # |p(S)|.
Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that

there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)
By assumption, f(y) = D. Combined with (2), this tells us
y €Diffy ¢ D. (3)

This is impossible. We have reached a contradiction, so our assumption must
have been wrong. Therefore, there is no y € S such that f(y) = D, so fis not
surjective. This means that fis not a bijection, and since our choice of f

was arbitrary, we conclude that there are no bijections between S and @(S).
Thus |S| # |%(S)|, as required. B

And at this point we're basically doner we
showed thal an arbitrary function £ from

S to p(S) isn't a bijection, so we can *
— conclude that (S| = 1p(S)],




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)
By assumption, f(y) = D. Combined with (2), this tells us
y €Diffy ¢ D. (3)

This is impossible. We have reached a contradiction, so our assumption must
have been wrong. Therefore, there is no y € S such that f(y) = D, so fis not
surjective. This means that fis not a bijection, and since our choice of f

was arbitrary, we conclude that there are no bijections between S and @(S).
Thus |S| # |%(S)|, as required. B

This is a dense proof, There's a lot of

just plain unpacking what we need fo |
prove, plus the highly unusual choice owa./
N—




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)
By assumption, f(y) = D. Combined with (2), this tells us
y €Diffy ¢ D. (3)

This is impossible. We have reached a contradiction, so our assumption must
have been wrong. Therefore, there is no y € S such that f(y) = D, so fis not
surjective. This means that fis not a bijection, and since our choice of f

was arbitrary, we conclude that there are no bijections between S and @(S).
Thus |S| # |%(S)|, as required. B

My hope is thal you'll be able to wrap

your head around this as a result ot two |
factors, /
N—




Lemma 2: 1If S is a set, then |S| # |p(S)|.
Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that

there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)
By assumption, f(y) = D. Combined with (2), this tells us
y €Diffy ¢ D. (3)

This is impossible. We have reached a contradiction, so our assumption must
have been wrong. Therefore, there is no y € S such that f(y) = D, so fis not
surjective. This means that fis not a bijection, and since our choice of f

was arbitrary, we conclude that there are no bijections between S and @(S).
Thus |S| # |%(S)|, as required. B

First, you have the visual intuition for
the proot. 1 encourage you fTo look back

at the visual and To make sure you see
— where these choices come from,




Lemma 2: 1If S is a set, then |S| # |p(S)|.
Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that

there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)
By assumption, f(y) = D. Combined with (2), this tells us
y €Diffy ¢ D. (3)

This is impossible. We have reached a contradiction, so our assumption must
have been wrong. Therefore, there is no y € S such that f(y) = D, so fis not
surjective. This means that fis not a bijection, and since our choice of f

was arbitrary, we conclude that there are no bijections between S and @(S).
Thus |S| # |%(S)|, as required. B

Second, you'll have the upcoming problem
set, where you'll get fo play around with

fhe proot fo see how it works, Trust °
L it's not as bad as it looks:




~ TN

Phew! We've covered a lot of ground
here. Let's take stock of whal we
covered here,

N—




0 1 2 3
e | ]
Z ..-3-2-1 01 2 3

|S| = |T| if there is an injective function f: S - T

ﬂvsf, we came up with a rigorous definitionN

ot what IS = | Tl means., This allows us
fo prove results aboul how set cardinalities

rank against one another.. something you

(hypothetically speaking) might need tor

" the upcoming problem sef, ,/

—




S| < |T| if |S|=|T|and |S| = |T)|

There is an injective
functionf: S->T

No function f: S - T
is a bijection.

" Second, we used that definition to come
up with a definition for (Sl < | TI, which
lets us say that one set is strictly smaller

N Than amofhe"-\//




There is an injection f: S = 0(S)
There is no bijection f: S - (S)

S| < |p(S)]

— ™~

This in turn allowed us to determine
what, specifically, we need fo prove
Tfo prove Cantor's theorem,

N— \//




Lemma 1:1f S is a set, then there's an injection

from S to o(S).

4 )
—» {1}
1 —» {2}
3
3
\_ J
We saw how fo find an injection from
f: S - SO(S) |: S fo p(S) for any set s,

fx) = {x}




Lemma 2: If f: S - %(S) is a function, then it is not bijective.

Ky | K A Ky Ka | K

Xg —> 1 Xy Xy X, . }
X, —> 1 X, X3 X, . }
X, —1 X, e }
Nt Yot Xa If x 65 f(x), then x € D.
X, —> { X,, X, If x € f(x), then x € D.
X, —>{ Xy Xp Xp Xy Xp XD AXESIXEJN) )

Set D We used the visual infuifion of fhe diagonal
argument fo precisely define the diagonal sef.




Lemma 2: 1If S is a set, then |S| # |p(S)|.

Proof: Let S be an arbitrary set. We will prove that |S| # |©(S)| by showing that
there are no bijections from S to @(S). To do so, choose an arbitrary function
f:S - p(S). We will prove that fis not surjective.

Starting with f, we define the set
D={xeS|x¢&flx}. (1)

We will show that there is no y € S such that f(y) = D. To do so, we proceed
by contradiction. Suppose that there is some y € S such that f(y) = D. By
the definition of D, we know that

yeDiffy ¢ fly). (2)
By assumption, f(y) = D. Combined with (2), this tells us
y €Diffy ¢ D. (3)

This is impossible. We have reached a contradiction, so our assumption must
have been wrong. Therefore, there is no y € S such that f(y) = D, so fis not
surjective. This means that fis not a bijection, and since our choice of f

was arbitrary, we conclude that there are no bijections between S and @(S).
Thus |S| # |%(S)|, as required. B

1Sl # 1p(S), —
e’

|:Fiv1a\\q,, we wrote a formal proof ThaT\L




—

Hope this helps:

Please feel free fo ask

™~

guestions if you have them,



- N
Did you find this useful? 1f

so, let us know: We can go
and make more guides like These,

— —
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